
CHAPTER

4 Review

4.1 Definitions in Chapter 4

4.1 Algorithm

4.2 Pseudocode

4.3 Big-O
4.4 Big-�

4.5 Big-2

4.6 Logarithmic Functions

4.9 Limit of a Sequence

4.13 The Pointwise Maximum Function

4.19 The Halting Problem

4.2 Sample Exam Questions
1. Use pseudocode to describe an algorithm, factorsOfTwo,

which takes a single integer, n, as input. If n ≤ 0, the al-
gorithm should return −1. If n is even, the algorithm should
return the highest power of 2 that evenly divides n. Other-
wise, the algorithm should return the highest power of 2 that
evenly divides n − 1.

2. Rank the following algorithms in order of efficiency for large
sizes, n, of data.

Algorithm Big-2 Reference Function

A n log2(n)

B n

C n2

D log2(n)

E 2n

3. Find an appropriate big-2 reference function for
n(4n2+89n)(9 log2(n)+100). Show how you arrived at the
reference function.

4. Use the definition of big-O to prove that 2x2+7x is inO(x2).

5. Suppose that algorithm 1 is in 2(n2) and algorithm 2 is in
2(n log2(n)).
(a) If each critical operation in the algorithms takes 1 mil-

lisecond (10−3 seconds) to execute, how long will each
algorithm take to complete if the data set being processed
has 16,384 elements? (16,384 = 214)

(b) Round your answers to the nearest day, hour, minute, or
second (whichever is appropriate for the algorithm).

6. Algorithm Analysis
(a) Count (exactly) the number of comparisons,

a[i] < a[j], in the following loop. Show sufficient
mathematical detail to demonstrate you are not guessing.
There should be no summations in your final answer.

for i = 1 to n
for j = 1 to i

if ai < aj
swap(ai , aj)

(b) Give the big-2 estimate of the exact count.
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7. Boyer–Moore
(a) Assume that the alphabet of the text is the set of five char-

acters {h, n, o, p, }, where is the space character. Cre-
ate the last and shift tables for the pattern “pop.”

(b) Show the full Boyer–Moore algorithm in action for the

text “hop on pop.” Find the first occurrence of the pat-
tern “pop.” Show the shift and also indicate the shift sug-
gested by each table (in the L and S columns). Show the
full details for the last table calculation. Use the W (win-
ner) column to indicate which table, L or S, determined
each shift. Use T to indicate a tie.

h o p o n p o p L S W j − L ′[Ti+ j−1]
p o p



4.4 Sample Exam Solutions 13

4.3 Projects
Mathematics

1. Derive the expression (on page 198) for the average number
of comparisons for the binary search algorithm.

2. Produce pseudocode for an interpolation search (footnote 21
on page 196). Then produce best case and worst case counts
for the algorithm. Finally, produce big-2 reference functions
for the best and worst case counts.

3. Write a brief expository paper about several paradoxes like
the barber paradox. These paradoxes are often called anti-
nomies.

Computer Science

1. Write a brief expository paper explaining the role of loop in-
variants in correctness proving for computer programs.

2. Use your favorite computer language to write a program that
implements the full Boyer–Moore algorithm.

3. Write a program that does a comparison of actual runtimes
for a 2(n2) sorting algorithm and a 2(n log(n) sorting al-
gorithm. Do five runs each for n = 10, 100, 1000, 10000,
100000. Plot the two averages for each distinct value of n. Do
these averages actually appear to be 2(n2) and 2(n log(n),
respectively?

4.4 Solutions to Sample Exam Questions
1. There are many ways to create the desired algorithm. Here is

a fairly efficient one. It can be made more specific by replac-
ing the checks for even and odd with “(m mod 2) == 0” and
“(m mod 2) == 1,” respectively. By combining the even and
odd cases, only one while loop is needed.

integer powersOfTwo(integer n)
# combine the even and

odd cases by using m

m = n
pow = 0
if n ≤ 0

return -1
else if n == 1

return 0
else if n is odd

m = n − 1

while m is even
pow = pow + 1 # another

factor of 2
m = m / 2 # m is even,

so the division
is exact

return pow
end powerOfTwo

2. Most
Efficient log2(n) n n log2(n) n2 2n Least

Efficient
3. The expression n(4n2 + 89n)(9 log2(n) + 100) is a product

of three functions, so Theorem 4.12 applies. Two of the fac-
tors involve sums. Since n > 0, both are positive, so The-
orem 4.14 can be used. Notice that n2 > n for n > 1, so

max(n2, n) = n2 when Theorem 4.14 is applied to 4n2+89n
( f1(n) = 4n2, f2(n) = 89n, g1(n) = n2, g2(n) = n). The
reference function for 4n2 + 89n is therefore n2. Similarly,
the reference function for 9 log2(n) + 100 is log2(n) since
log2(n) > 1 when n > 2.

Theorem 4.12 implies that

n(4n2 + 89n)(9 log2(n)+ 100) ∈ 2(n3 log2(n)).

4. Assume that x > 0. Then

|2x2 + 7x | = 2x2 + 7x

≤ 2x2 + 7x2 for x ≥ 1

= 9x2

= 9|x2|.

Let n0 = 1 and c = 9 in Definition 4.3.

5. (a) The 2(n2) algorithm will take 16,3842 · .001 =
268,435.456 seconds; the 2(n log2(n)) algorithm will
take 16,384 log2(2

14) · .001 = 229.376 seconds.
(b) Algorithm 1: 268,435.456 seconds is the same as 3 days,

2 hours, 33 minutes and 55.456 seconds.
Algorithm 2: 229.376 seconds is the same as 3 minutes,
49.376 seconds.

6. (a) The for loops can be converted to summations. Each time
the comparison a[i] < a[j] is executed, it adds one
to the total count of critical operations. The nested loops
become nested sums.

n∑

i=1

i∑

j=1

1 =
n∑

i=1

i = n(n + 1)
2

(b) n(n+1)
2 ∈ 2(n2)
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7. (a) Last Table

h n o p

0 0 2 3 0

Shift Table

p o p

2 2 1

(b) h o p o n p o p L S W

p o p max(1, 1− 0) = 1 2 S

p o p max(1, 3− 2) = 1 1 T

p o p max(1, 3− 0) = 3 1 L

p o p max(1, 3− 2) = 1 1 T

p o p


