
Oresme’s SequenceCallie Wurtz
1 MotivationVery few notable mathemati
ians 
ame out of the Middle Ages. Disasters like the Bla
k Plague and theHundred Years War, 
oupled with a la
k of emphasis on edu
ation, made original thinkers like Ni
ole Oresmerare. Oresme was born in Fran
e in 1323. In Paris, he re
eived an Arts Degree and then a Master of Theologyin 1355. In 1377, he be
ame Bishop of Lisieux in Normandy. He is known for his 
ontributions to religion,philosophy, e
onomi
s, and s
ien
e as well as mathemati
s [Uni05℄.Oresme was among the �rst to work with rules of exponents and fra
tional exponents. He also gave theearliest known proof for the divergen
e of the Harmoni
 series. Still, his most novel idea was to pi
toriallyrepresent rates of 
hange [BM93, p. 295-99℄. Long before Galileo, Barrow, Leibniz, and Newton, Oresmeintrodu
ed a graphi
al representation for the 
hange of velo
ity over time. Oresme re
ognized what is now
ommon knowledge in Cal
ulus: the area under a 
urve on this graph represents distan
e. More interestedin the theoreti
al than the pra
ti
al, Oresme 
onsidered what happens when velo
ities in
rease withoutbound. He began with a unit time interval in whi
h the velo
ity was 1 for the �rst half of the time, 2 in thenext quarter of time, 3 in the next eighth of time and so on. Essentially, Oresme was summing the series
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+ · · · . He used his geometri
 interpretation of distan
e to prove that this summationis 2 [Kat93, p. 296℄.It is unfortunate that no one else in the Middle Ages built upon Oresme's work; eventually mu
h ofit was lost. Su

eeding mathemati
ians redis
overed Oresme's original ideas. Though its existen
e is notwell-known, Ni
ole Oresme stru
tured a visual 
ounting argument that is the epitome of a 
ombinatorialproof.

2 Preliminary IdeasA brief review of summation notation is in
luded in the \Common De�nitions" �le.The proof itself is quite ingenious, but it 
an be understood with an elementary knowledge of mathe-mati
s.
3 The Problem Presented

Theorem 1

∞∑

i=1

i

2i
= 2Numbers of the form i

2i are 
alled Oresme numbers [Hor74, p. 267℄.
4 The Solution by CountingThere is no question about whi
h side to start with for this proof. Obviously, we begin with the right handside, whi
h is 2. Now, we are left to show that the left side sums to 2. To help us see this, �rst think ofthe terms of the summation. We are trying to show that 1
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presumably as Oresme did. Pi
ture \2" as two unit squares, whi
h are denoted by S1 and S2. In order tobetter visualize the proof we will elongate the horizonal dimension.
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S1 Figure 1: A visual representation of 2.Cut ea
h square in half verti
ally. The right half is then 
ut in half, and the rightmost fourth is 
ut inhalf. This pattern 
ontinues into in�nity. As Oresme put it, the square is divided \to in�nity into parts
ontinually proportional a

ording to the ratio 2 to 1." These 
uts are labelled a, b, c, . . . in S1. The se
tions(rather than the 
uts) in S2 are labelled with Greek letters. Noti
e that the area of α is 1

2
, the area of β is

1

4
, the area of γ is 1

8
, et
.
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Figure 2: Both squares are halved 
ontinuously.Using a step-ladder image, sta
k the pie
es of S2 onto S1. Begin with pie
e α. This pie
e is sta
ked ontop of the right half of S1.
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Figure 3: Blo
k α has been moved from S2 onto S1.Extend lines b, c, d, . . . through α.
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Figure 4: The lines 
reate se
tions in α.2



Next we take blo
k β and sta
k it on top of the right half of α. Extend lines c, d, e, . . . through β. We
ontinue this sta
king to in�nity, and our result is su
h:
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Figure 5: All of the blo
ks from S2 have been sta
ked onto S1.The 
lever part here is in noti
ing what we have 
reated. From two 1×1 squares we now have a stair-stepstru
ture representing 1
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The visualization further reinfor
es this point by beginning with the stair-step stru
ture and moving thepie
es in a tetris-like fashion to 
learly reveal a 1 × 2 re
tangle.
5 Visual ExampleFor this theorem, the proof itself is pi
torial. No example of a spe
i�
 
ase is ne
essary.
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