
Fibonacci Identity 1Callie WurtzThe Motivation for the Fibona

i sequen
e along with its Preliminary Ideas 
an be found in the\Fibona

i Overview" �le. That do
ument also 
ontains a 
ombinatorial interpretation of the Fibona

inumbers that you are advised to read before 
ontinuing.
1 The Problem Presented

Theorem 1
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= fnIf the notation on the left-hand side of this identity is unfamiliar to you, please 
onsult the \CommonDe�nitions" �le.
2 The Solution by CountingFrom the right-hand side, we already know that we are 
ounting the number of tilings of an n-board. Byour interpretation of the Fibona

i numbers, this number is fn.Now we are left to show that ∑⌊n

2
⌋

i=0
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n−i
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) also 
ounts this number. Noti
e that we 
an determine thetilings of a board of length n by the number of dominoes that the tiling 
ontains. Suppose a tiling 
ontains idominoes. Be
ause a domino takes up two 
ells, 0 ≤ i ≤
n

2
. Also, sin
e there are i dominoes for n 
ells, thetiling must 
ontain n − 2i squares. Thus, this tiling has a total of i + (n − 2i) = n − i tiles. How many waysare there to 
hoose where the i dominoes go within the n − i tiles? There are (

n−i

i

) ways. Sin
e one tilingof an n-board 
annot have two di�erent numbers of dominoes, this 
olle
tion of tasks is mutually ex
lusive.Thus, the number of tilings on an n-board is ∑⌊n

2
⌋

i=0

(

n−i

i

)

.Equating the two ways we 
ounted this number 
ompletes the proof.
¤

3 Visual ExampleConsider a board of length 5. Re
all that there are f5 = 8 ways to tile this board. The visualization listsea
h of these ways on the right side and then highlights them a

ording to the number of dominoes thatea
h tiling 
ontains. As an example, note that there are (

5−2

2

)

= 3 ways to tile a 5-board with 2 dominoes.
4 Fibonacci Numbers in Pascal’s TriangleBe
ause this Fibona

i identity 
ontains a binomial 
oeÆ
ient, it seems intuitive that it 
ould be seen inPas
al's triangle.1 Take a minute to study the triangle with this identity in mind. S
roll down slowly andlook only at the �rst triangle. Can you �nd the Fibona

i sequen
e?1For an introdu
tion to the arithmeti
 triangle (Pas
al's triangle), see the exposition entitled \Pas
al's Identity."1
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al's TriangleBy summing the \shallow diagonals" the Fibona

i sequen
e is revealed [Wei05℄.
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Figure 2: The Fibona

i Sequen
e within Pas
al's Triangle.To see how this fa
t relates to the above Fibona

i identity, re
onsider the Fibona

i number f5 = 8. ByTheorem 1, we know that f5 =
∑⌊5

2
⌋
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)

=
(

5−0

0

)

+
(

5−1

1

)

+
(

5−2

2

). In other words, 8 = 1 + 4 + 3, whi
h iswhat we noti
e in the triangle. Be
ause both the Fibona

i sequen
e and Pas
al's triangle are su
h uniquestru
tures, this relationship is rather surprising.
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