
Fibonacci Identity 4Callie WurtzThe Motivation for the Fibona

i sequen
e along with its Preliminary Ideas 
an be found in the\Fibona

i Overview" �le. That do
ument also 
ontains a 
ombinatorial interpretation of the Fibona

inumbers that you are advised to read before 
ontinuing.
1 The Problem Presented

Theorem 1For n ≥ 0,
n∑

k=0

fk
2 = fnfn+1.

2 The Solution by CountingPi
ture two domino boards, one of length n and the other of length n + 1. We are interested in the numberof ways these two boards 
an be tiled. By our interpretation of Fibona

i numbers, there are fn ways totile an n-board and fn+1 ways to tile an (n + 1)-board. Sin
e tiling one board is independent of tiling theother, there are fn · fn+1 ways to tile both boards.Now pla
e the (n + 1)-board dire
tly above the n-board so that the �rst 
ells are aligned as in thefollowing �gure.
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nFigure 1: There are fnfn−1 ways to tile these boards.We are interested in the position of the last fault. Suppose the position of the last fault is at 
ell k, andnote that 0 ≤ k ≤ n. In other words, the last and only fault may be at 
ell 0 or the last fault 
ould beanywhere up to the end of the shorter board. Consider tiling the boards by �rst tiling to the left of the fault(the head) and then tiling to the right of the fault (the tail).Be
ause the last fault is at 
ell k, the head of ea
h board has length k. (Re
all that there is 1 way to tilea board of length 0.) There are therefore fk ways to tile the head of the (n + 1)-board and also fk ways totile the head of the n-board. Thus, there are fk
2 ways to tile both boards through 
ell k.Now 
onsider tiling the tails of both boards. The tail of the (n + 1)-board 
onsists of 
ells k + 1 through

n + 1. The tail of the n-board is 
omposed of 
ells k + 1 through n for k < n. (If k = n, and the tail ofthe n-board is length 0.) Therefore, one of the tails has an even number of 
ells and the other must havean odd number of 
ells. Be
ause there 
an be no faults in the tails, there is only way to tile them. Theeven-length tail must be tiled with all dominoes and the odd-length tail must begin with a square and thenbe tiled with all dominoes. Convin
e yourself that this is the only possibility.
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nFigure 2: There are fk
2 ways to tile these two boards with a fault at 
ell k.Sin
e tiling 
ells 1 through k is independent of tiling after 
ell k, the number of ways to a

omplish bothof these tasks is found by multiplying. There are fk

2 ways to tile the heads of these two boards and only 1way to tile the tails, so there are fk
2
· 1 tilings of both boards with a fault at 
ell k. This means that anytiling of su
h a pair of boards is 
ompletely determined by the tiling of their heads. We have done a lot of
ounting, but we are not quite done. Re
all that 0 ≤ k ≤ n. Sin
e there 
annot be two \last faults" for theboards, one position of k mutually ex
ludes the rest. Therefore, there is a total of ∑n

k=0
fk

2 ways to tileone board of length n and another board of length n + 1.Equating the two ways we 
ounted this number 
ompletes the proof.
¤

3 Visual ExampleIn order to keep the example small, this visualization uses a board of length 3 above a board of length 2.Note that there are f3f2 = 3 · 2 = 6 ways to tile these two boards. All of these ways are listed on the rightside of the s
reen. Then, ea
h pair of tilings is highlighted a

ording to the lo
ation of its last fault.As an example, 
onsider a pair that has a fault at 
ell 2. The heads of these boards have length 2, andthere are only 2 ways to tile a 2-board. In other words, f2 = 2. Consequently, there are f2
2 = 22 = 4 tilingsfor a pair of boards with a fault at 
ell 2.
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