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The Motivation for the Fibonacci sequence along with its Preliminary Ideas can be found in the
“Fibonacci Overview” file. That document also contains a combinatorial interpretation of the Fibonacci
numbers that you are advised to read before continuing.

1 The Problem Presented

Theorem 1

If the notation on the left-hand side of this identity is unfamiliar to you, please consult the “Common
Definitions” file.

2 The Solution by Counting

From the right-hand side, we already know that we are counting the number of tilings of an n-board. By
our interpretation of the Fibonacci numbers, this number is f,,.

Now we are left to show that Zjié (“i_i) also counts this number. Notice that we can determine the
tilings of a board of length n by the number of dominoes that the tiling contains. Suppose a tiling contains 1
dominoes. Because a domino takes up two cells, 0 <1i < 3. Also, since there are i dominoes for n cells, the
tiling must contain n — 21 squares. Thus, this tiling has a total of i+ (n —21) = n —1i tiles. How many ways
are there to choose where the 1 dominoes go within the n —1i tiles? There are (“i_i) ways. Since one tiling
of an n-board cannot have two different numbers of dominoes, this collection of tasks is mutually exclusive.
Thus, the number of tilings on an n-board is ZILEA (“:1)

Equating the two ways we counted this number completes the proof.

3 Visual Example

Consider a board of length 5. Recall that there are f5 = 8 ways to tile this board. The visualization lists
each of these ways on the right side and then highlights them according to the number of dominoes that
each tiling contains. As an example, note that there are (5;2) = 3 ways to tile a 5-board with 2 dominoes.

4 Fibonacci Numbers in Pascal’s Triangle

Because this Fibonacci identity contains a binomial coefficient, it seems intuitive that it could be seen in
Pascal’s triangle.! Take a minute to study the triangle with this identity in mind. Scroll down slowly and
look only at the first triangle. Can you find the Fibonacci sequence?

1For an introduction to the arithmetic triangle (Pascal’s triangle), see the exposition entitled “Pascal’s Identity.”
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Figure 1: Pascal’s Triangle

By summing the “shallow diagonals” the Fibonacci sequence is revealed [Wei05].
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Figure 2: The Fibonacci Sequence within Pascal’s Triangle.

To see how this fact relates to the above Fibonacci identity, reconsider the Fibonacci number f5 = 8. By

5 .
Theorem 1, we know that f5 = leié (5;1) = (580) + (571) + (552). In other words, 8 =1+4 + 3, which is
what we notice in the triangle. Because both the Fibonacci sequence and Pascal’s triangle are such unique

structures, this relationship is rather surprising.
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