
The Binomial TheoremCallie Wurtz
1 MotivationMost people asso
iate the binomial theorem with its ability to shorten the painstaking pro
ess of expandingbinomials. While this is one of its uses, the importan
e of this theorem extends beyond algebra. The binomialtheorem for the 
ase when n = 2 was known as early as 300 BC by Eu
lid. It was further developed by Pas
aland Fermat and eventually generalized by Newton in 1676 [Wei05℄. Now a 
ornerstone for 
ombinatori
s, itis used to prove and derive numerous other identities. One of the appeals of the binomial theorem is thevariety of ways it 
an be proven, arguably the most elegant is its 
ombinatorial proof.
2 Preliminary IdeasYou should be familiar with the de�nitions of independent andmutually ex
lusive, the notation for 
ombi-nations, and both the Rule of Sum and Rule of Produ
t 
ounting prin
iples. If these terms are unfamiliarto you, please refer to the \Common De�nitions" �le. That �le also 
ontains a brief review of summationnotation.
3 The Problem Presented

Theorem 1 The Binomial TheoremLet n be a nonnegative integer. Then
(x + y)n =

n∑

r=0

(

n

r

)

xryn−r.

4 The Solution by CountingImagine a 
lass of n 
omputer s
ien
e students. Ea
h student is given the 
hoi
e of 
oding either 1 of xdi�erent proje
ts in the 
omputer language C++ or 1 of y di�erent proje
ts in the Java language. Sin
e ea
hperson must 
hoose one or the other, the tasks are mutually ex
lusive. Therefore, every student is 
hoosing1 out of x + y possible proje
ts. Also, what ea
h student 
hooses is independent of the other students'
hoi
es. Thus, there are (x + y)n possible out
omes for the proje
ts that the students 
hoose.Now, 
onsider the number of students 
hoosing to 
ode in C++. Let this number be r. There are (

n

r

)ways to determine whi
h r students use C++. (The remaining n − r students will write in Java.) Be
ausethere are x C++ proje
ts, there are xr ways for the r students to de
ide whi
h proje
ts to do. Likewise,there are yn−r ways for the remaining students to de
ide whi
h Java proje
ts they do. Sin
e ea
h of theseoptions is independent and di�erent values of r are mutually ex
lusive, there are ∑n

r=0

(

n

r

)

· xr
· yn−r totalways for the 
omputer s
ien
e proje
ts to be 
hosen by the students.Equating our two answers 
ompletes the proof.
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5 Visual ExampleSuppose we have a 
lass of only three 
omputer s
ien
e students. (Note that this is a parti
ular example.The visualization does not prove the general identity. It only relates to the 
ase when n = 3.) Thesestudents: Jake, Karl, and Ryan must 
hoose to work on either one (x = 1) 
omputer proje
t in C++ or oneof two (y = 2) 
omputer proje
ts in Java. These proje
ts will be represented as C, J1, and J2, respe
tively.The visualization uses de
ision trees to depi
t the identity. De
ision trees bran
h at nodes (verti
es)where a 
hoi
e is being made. The bran
hes (edges) of a de
ision tree represent the available 
hoi
es. Forthis example, the nodes represent the students making the de
isions and the bran
hes represent the possible
omputer proje
ts.The �rst part of the visualization 
orresponds to the left-hand side of the theorem. This 
ounting methodis represented by one large tree that 
ontains all of the students' possible 
hoi
es. Note that ea
h individualhas three 
hoi
es. Remember that the 
hoi
es are independent, so no matter what Jake 
hooses, both Karland Ryan still have the same three 
hoi
es. Thus, there are 3 · 3 · 3 = 27 possibilities. The visualizationthen highlights ea
h path in the tree and lists the proje
ts that 
orrespond with that pathway. The list ofde
isions from this tree is a list of all possible proje
t 
ombinations.The se
ond part of the visualization uses trees to display the right-hand side of the identity. Here, weare 
on
erned with how many of ea
h proje
t is 
hosen. The visualization looks separately at ea
h theterms of ∑3

r=0

(

3

r

)

1r23−r. When r = 0 or r = 3, only one tree is needed be
ause only one proje
t type is
hosen. When r = 1 or r = 2, three trees are needed. As an example, 
onsider the 
ase when r = 1, whi
hprodu
es the summand (

3

1

)

1122. The single C++ proje
t 
ould be 
hosen by any of the three students.If the C++ proje
t is 
hosen by Jake, a di�erent tree results than if the C++ proje
t is 
hosen by Ryan.Again, the visualization highlights every pathway. The proje
ts that 
orrespond to that route are bolded inthe 
omprehensive proje
t list.Noti
e that eventually every proje
t 
ombination is highlighted.
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