
The Tulip ProblemCallie Wurtz
1 MotivationThis identity is lo
ated in the \Combinatorial Proof" problem se
tion of Dr. Eri
 Gossett's Dis
rete Math-emati
s With Proof textbook. In the dis
rete mathemati
s 
lass at Bethel University the \Tulip Problem"and its 
lever solution have be
ome synonymous with 
ombinatorial proof. When asked what they rememberabout 
ombinatorial proofs, many former dis
rete students answered, \I remember 
ounting tulips."
2 Preliminary IdeasYou should be familiar with the de�nition of mutually ex
lusive, the notation for 
ombinations, andthe Rule of Sum 
ounting prin
iple. If these terms are unfamiliar to you, please refer to the \CommonDe�nitions" �le. That �le also 
ontains a review of summation notation and its properties.
3 The Problem Presented

Lemma 1Let n and k be nonnegative integers. Then
k∑

b=0

(

n + (k − b)

k − b

)

=

(

n + k + 1

k

)

.

4 The Solution by CountingConsider a row of tulips in a garden. A gardener wants to plant red and blue tulips. She is interested in thenumber of visually distin
t patterns. Sin
e there are only two 
olors, these patterns 
an be determined bythe blue tulips.Let there be n + 1 red tulips and k blue tulips. Then the number of ways to organize these tulips 
anbe found by 
hoosing the position of the blue tulips from all of the possible positions. This number is givenby (

(n+1)+k

k

)

.Consider this organization in another way. Looking at the garden row from left to right, we see that oneway to distinguish patterns is based on whi
h tulips begin the pattern. Let b be the number of blue tulipsin the row before we hit a red tulip. Noti
e that the set determined by a parti
ular value of b is mutuallyex
lusive from every other set determined by a di�erent value of b, (implying the Rule of Sum). If thereare b blue tulips and then a red tulip, we have determined the position of 1 of the n + 1 red tulips and b ofthe k blue tulips. Thus, there are ((n + 1) − 1) + (k − b) tulips left to arrange, with k − b of them beingblue. There are (

n+(k−b)
k−b

) patterns with exa
tly b blue tulips before the �rst red tulip is en
ountered. In
on
lusion, there are ∑k

b=0

(

n+(k−b)
k−b

) distin
t patterns.Equating these two ways of 
ounting the gardener's 
hoi
es gives ∑k

b=0

(

n+(k−b)
k−b

)

=
(

n+k+1

k

), thusproving the lemma.
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Though the sum on the left-hand side of the lemma provides a good 
ombinatorial interpretation, theidentity is usually simpli�ed and presented in the following form.
Theorem 1Let n and k be nonnegative integers. Then

k∑

j=0

(

n + j

j

)

=

(

n + k + 1

k

)

.

Proof:The sum ∑k

b=0

(

n+(k−b)
k−b

) 
an be simpli�ed to ∑k

j=0

(

n+j

j

) by noti
ing that
k∑

b=0

(

n + (k − b)

k − b

)

=

(

n + k

k

)

+

(

n + (k − 1)

k − 1

)

+ · · · +

(

n + 1

1

)

+

(

n

0

)and
k∑

j=0

(

n + j

j

)

=

(

n

0

)

+

(

n + 1

1

)

+ · · · +

(

n + (k − 1)

k − 1

)

+

(

n + k

k

)

.Therefore, ∑k

b=0

(

n+(k−b)
k−b

)

=
∑k

j=0

(

n+j

j

). By Lemma 1, ∑k

j=0

(

n+j

j

)

=
(

n+k+1

k

)

.
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A visual representing the simpli�
ation of the sums.1
5 Visual ExampleSuppose Barb has two red tulip bulbs (n = 1) and three blue tulip bulbs (k = 3). She is interested inthe number of visually distin
t ways she 
an plant these in one row. The visualization begins with theright-hand side of the identity and lists all (

1+3+1

3

)

= 10 ways to plant these 
owers and then highlightsthem a

ording to the left-hand side of the lemma: ∑3

b=0

(

1+(3−b)
3−b

). As in the proof, this example beginswith the 
ase when b = 0 (the row starts with a red tulip). Keep in mind that though the visualizationfollows the proof, this example is not a proof in and of itself.
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