
Counting SubsetsCallie Wurtz
1 MotivationHow many subsets does a set of size n 
ontain? This is a 
lassi
 mathemati
al question involving boththe Rule of Produ
t and the Rule of Sum 
ounting prin
iples. Though it is not an obvious identity, itsproof is a 
lear demonstration of the 
ombinatorial method of double 
ounting.
2 Preliminary Ideas

Definition 1 Power SetLet S be a set. The power set of S, denoted by P(S), is the set of all subsets of S (in
luding the emptyset and S itself).You should also be familiar with the de�nitions of independent and mutually ex
lusive, the notation for
ombinations, and both the Rule of Sum and Rule of Produ
t 
ounting prin
iples. If these terms areunfamiliar to you, please refer to the \Common De�nitions" �le. That �le also 
ontains a brief review ofsummation notation.
3 The Problem Presented

Theorem 1Let n be a nonnegative integer. Then
n∑

r=0

(

n

r

)

= 2
n
.Note that both sides of this equation are 
ounting the number of elements in the power set. The followingproof will demonstrate this.

4 The Solution by CountingThis equality lends itself well to a 
ombinatorial proof in terms of sets and subsets. To make things more
on
rete, pi
ture 
hoosing 
ommittees (the subsets) from a 
lass (the set). This image �ts well with thede�nition we have of a 
ombination. We 
an represent 
hoosing a 
ommittee of size r from a 
lass of size
n as (

n

r

). Sin
e a 
ommittee 
annot have two di�erent sizes, 
hoosing a 
ommittee of size s and 
hoosing a
ommittee of size t are mutually ex
lusive 
hoi
es. The Rule of Sum 
ounting prin
iple then implies thatthe total number of 
ommittees that 
an be 
hosen from a 
lass of size n is ∑n

r=0

(

n

r

).Next, visualize this 
lass of n students standing in a line. As we go down the 
lass-list to 
hoose a
ommittee, there are two options for every student. Ea
h student is either on or o� the 
ommittee. Sin
ede
iding whether one student is on the 
ommittee does not in
uen
e the de
ision for the next student, thesele
tion pro
ess 
onsists of a sequen
e of independent 
hoi
es. The Rule of Produ
t 
ounting prin
iplesays that there are a total of 2 · 2 · 2 · · · 2
︸ ︷︷ ︸

n times or 2
n 
ommittees. We have 
ounted the same thing in two waysand arrived at our equality.
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The following 
orollary 
omes out of the proof of Theorem 1.
Corollary 1 |P(S)|Let S be a �nite set with n ≥ 0 elements. Then |P(S)| = 2n.Using this 
orollary and the de�nition of the power set, we 
an now answer the initial question: a set of size

n 
ontains 2
n subsets.

5 Visual ExampleSuppose Ni
k, Shalanah, Eri
, and Allison are preparing for a proje
t in linear algebra. They want to knowhow many di�erent possibilities there are for who works on the proje
t. This 
an be 
ounted in the twoways laid out in the proof.The visualization depi
ts both of these ways together. The left side lists the number of ways that thesefour students 
an work on the proje
t based on the total number of people working on it (from 0 people to4 people). On the right side, ea
h of the students' names appears as headings. Re
all that the two optionsare that a student either is or is not part of the proje
t. If a student is a part of the proje
t, a highlighteddot will appear under that student's name.
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