
Fibonacci Identity 2Callie WurtzThe Motivation for the Fibona

i sequen
e along with its Preliminary Ideas 
an be found in the\Fibona

i Overview" �le. That do
ument also 
ontains a 
ombinatorial interpretation of the Fibona

inumbers that you are advised to read before 
ontinuing.
1 The Problem Presented

Theorem 1For n ≥ 0,
n∑

k=0

fk = fn+2 − 1.

2 The Solution by CountingConsider tiling an (n + 2)-board with squares and dominoes. We are 
on
erned with how many of thesetilings use at least one domino. By our interpretation of Fibona

i numbers, there are fn+2 ways to tile aboard of length (n + 2). Ex
luding the \all square" tiling gives fn+2 − 1 tilings that in
lude at least onedomino.Sin
e we know there must be at least one domino, we 
an 
onsider the position of the last domino.Let this last domino 
over 
ells k + 1 and k + 2. (Note that if the board begins with its only domino,then k = 0.) This implies that 
ells k + 3 through n + 2 must be 
overed by squares. Therefore, the only
ells we are unsure about for k > 0 are 
ells 1 through k. Consequently, there are fk ways to tile these
ells. Sin
e the last domino 
annot be in two pla
es at on
e, the Rule of Sum applies. There are thus
f0 + f1 + f2 + · · · + fn =

∑n

k=0
fk ways to tile a board with at least one domino.Equating the two ways we 
ounted this number 
ompletes the proof.

¤

3 Visual ExampleConsider a board of length 4+2 = 6. The visualization �rst lists every way to tile this board. Note thatthere are f6 = 13 ways to do this. Without the \all-square" tiling, there are f4+2 − 1 = 12 tilings. Nowfor the left-hand side, 
onsider the position of the last domino. For example, if the last (and only) dominois the �rst pie
e on the board, it 
overs 
ells 1 and 2. This implies that the rest of the pie
es are squares,and thus, there is only f0 = 1 way that this arrangement 
an be tiled. The visualization breaks down theremaining summands from the left-hand side and demonstrates that they add to 12.
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