
Introduction to Combinatorial ProofsCallie WurtzBefore you 
an read, 
omprehend, or 
onstru
t 
ombinatorial proofs, you must �rst understand whatthey are. I have been told that the word \
ombinatorial" sounds like something out of a Dr. Suess book,and it's no se
ret that the word \proof" has intimidated 
ountless undergraduates. The goal of this proje
tis to familiarize you with a variety of 
ombinatorial proofs in the hope that you learn to not only appre
iatebut also enjoy the art of the 
ombinatorial proof.Combinatorial proofs 
ome out of a bran
h of mathemati
s known as 
ombinatori
s, whi
h is the studyof arranging and 
ounting elements in sets. These proofs are often used to validate equalities. We think ofea
h side of an equation as one set that 
an be enumerated. If we 
an 
ount the same number of elementsbased on the left-hand side and then in terms of the right-hand side, the equality has been proven.The hardest part in doing a 
ombinatorial proof is de
iding how to 
ount. The �rst question to askyourself is, \What is it that we are 
ounting?" To begin, de�ne the set you are working with based on theeasier side of the equation. The next task is to determine how the other side 
ounts the same set. Whilethe method sounds simplisti
, there is of 
ourse more e�ort involved. It may take a lot of thought ands
rat
h-paper to dis
over the desired set. There is no algorithm to follow for 
ombinatorial proofs. Usually,there is more than one way to arrive at the solution, and it is this 
reativity that makes 
ombinatorial proofsso attra
tive.Most identities that are proven 
ombinatorially 
an also be proven in other ways. However, algebrai
and indu
tion proofs often la
k the elegan
e of a 
ombinatorial proof. For example, 
onsider the followingwell-known property of 
ombinations: (
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)
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).1 Although this identity is not diÆ
ult to prove usingthe algebrai
 de�nition of a 
ombination, it is more intuitively satisfying to explain it in the words of a
ombinatorial proof.2Like many mathemati
al topi
s, 
ombinatorial proofs 
an be 
onfusing or overwhelming when they are�rst presented. In my initial en
ounter with 
ombinatorial proofs, I did not fully grasp their purpose anddismissed them as math stories. They seemed less rigorous than other types of proofs and therefore less
redible. However, I have 
ome to appre
iate the ingenuity involved in a 
ombinatorial proof. I dis
overedthat 
ombinatorial proofs often illustrate the meaning of a theorem. As Dr. Benjamin and Dr. Quinn sayin their book Proofs that Really Count: The Art of Combinatorial Proof, \Counting leads to beautiful,often elementary, and very 
on
rete proofs. While not ne
essarily the simplest approa
h, it o�ers anothermethod to gain understanding of mathemati
al truths" [BQ03, p.ix℄.
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1The term 
ombination is explained in the \Common De�nitions" �le.2The proof relies on the fa
t that 
hoosing a subset of size r from a set of size n automati
ally determines a subset of size
n−r 
onsisting of the elements not 
hosen [Gos03℄. 1


