
BIBDCallie Wurtz
1 MotivationConsider this famous problem �rst posed by Thomas Kirkman in 1850.In a boarding s
hool there are �fteen s
hoolgirls who always take their daily walks in rows of threes.The headmistress desires that no two s
hoolgirls walk in the same row more than on
e a week. Thearrangement of the s
hoolgirls uses a 
ombinatorial design known as a Balan
ed In
omplete Blo
k Design.The use of these designs however extends beyond solving 
lassi
 mathemati
al problems. BIBD's are used inmany areas in
luding 
oding theory, 
ryptography, group testing, and even tournament s
heduling [RM+99,p. 760℄.
2 Preliminary Ideas

Definition 1 Balan
ed In
omplete Blo
k DesignThe Balan
ed In
omplete Blo
k Design, abbreviatedBIBD, is a type of 
ombinatorial design that 
onsistsof a �nite 
olle
tion of �nite sets, 
alled blo
ks. These sets ea
h 
ontain a �nite 
olle
tion of elements,
alled varieties. The BIBD follows spe
i�
 properties that are expressed by the positive integer parameters
(v, b, r, k, λ). They are

v: the number of varieties
b: the number of blo
ks
r: the number of blo
ks to whi
h ea
h variety belongs
k: the number of varieties in ea
h blo
k
λ: the number of blo
ks in whi
h every pair of distin
t varieties appears.Be
ause the blo
ks have a uniform size, and ea
h variety appears in the same number of blo
ks, and ea
h pairof varieties appears in the same number of blo
ks, the design is said to be balan
ed. The term in
ompleterefers to the fa
t that not every variety is present in every blo
k.A balan
ed in
omplete blo
k design 
an be eÆ
iently displayed as a matrix.

Definition 2 The In
iden
e Matrix of a BIBDThe in
iden
e matrix of a BIBD is the v× b matrix M = (mij) de�ned by
mij =

{

1 if the ith variety is in the jth blo
k;
0 otherwise.
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3 The Problem Presented

Theorem 1 The Parameters of a BIBDIn a balan
ed in
omplete blo
k design with parameters (v, b, r, k, λ),
bk = vrand

r(k − 1) = λ(v − 1).

4 The Solution by CountingConsider M, the in
iden
e matrix for the (v, b, r, k, λ)-design. Both equations will be proved 
ombinatoriallyby 
ounting 1's in M in two di�erent ways.For the �rst equation, re
all that there are b blo
ks that ea
h 
ontain k varieties. By de�nition of thein
iden
e matrix, ea
h of the b 
olumns 
ontains k 1's, for a total of bk 1's in M. Now re
all that ea
h ofthe v varieties is 
ontained in r blo
ks. In other words, ea
h of the v rows of M 
ontains r 1's, for a total of
vr 1's in M. Setting the number of 1's in M equal gives us bk = vr.To prove the se
ond equation, we 
onsider a submatrix of M. Choose any parti
ular variety, vi. Deletethe row of M that 
orresponds to vi, and delete all of the 
olumns that 
orrespond to a blo
k that does
not 
ontain vi. We will 
ount the 1's in this remaining submatrix of M. Sin
e vi is in r blo
ks, there willbe r 
olumns in the submatrix. Be
ause the 1's in the row of vi have been deleted, ea
h of these r 
olumns
ontain (k − 1) 1's. Thus, there are r(k − 1) 1's in this submatrix of M.Now 
onsider 
ounting 1's in another way. Re
all that only blo
ks 
ontaining the variety vi are left inthis submatrix. By the de�nition of λ, the variety vi is still in λ 
ommon blo
ks with ea
h of the v− 1 othervarieties. So, there are λ 1's in ea
h of the remaining v − 1 rows. Consequently, there are λ(v − 1) 1's in thesubmatrix of M. The number of 1's in this submatrix is r(k − 1) = λ(v − 1), whi
h is the desired equality.

¤

5 Visual ExampleThe visualization walks through the proof as it applies to the following example. Keep in mind that thevisualization itself is not a proof; it simply illustrates the ideas of the proof through a parti
ular example.Consider this (7, 14, 6, 3, 2)-design.
B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11 B12 B13 B140 0 0 0 0 0 1 1 1 1 2 2 2 21 1 3 3 5 5 3 3 4 4 3 3 4 42 2 4 4 6 6 5 6 5 6 5 6 5 6
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The in
iden
e matrix (with 
olumn and row labels) for this example is as follows:
B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11 B12 B13 B14

v0 1 1 1 1 1 1 0 0 0 0 0 0 0 0
v1 1 1 0 0 0 0 1 1 1 1 0 0 0 0
v2 1 1 0 0 0 0 0 0 0 0 1 1 1 1
v3 0 0 1 1 0 0 1 1 0 0 1 1 0 0
v4 0 0 1 1 0 0 0 0 1 1 0 0 1 1
v5 0 0 0 0 1 1 1 0 1 0 1 0 1 0
v6 0 0 0 0 1 1 0 1 0 1 0 1 0 1Convin
e yourself of the parameters before stepping through the proof. Note that there are 7 rows (v = 7)and 14 (b = 14) 
olumns. There are 6 ones in ea
h row (r = 6) and 3 ones in ea
h 
olumn (k = 3). Lastly,for any two varieties, they both have 1's in exa
tly 2 of the same 
olumns (λ = 2).Note that in the se
ond part of the proof, the variety that we have 
hosen to delete is v4. The remainingsubmatrix is 6× 6. (Make sure you understand where this dimension 
omes from.)
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