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1 MotivationConsider the following:Suppose a newly-born pair of rabbits: one male, one female, are put in a �eld. These rabbits are ableto mate at the age of one month and they give birth to a male-female pair in the following month.In other words, two months after a pair of rabbits is born, another pair is produ
ed. Assuming norabbits die, how many pairs will there be in one year?This problem was �rst posed by Leonardo of Pisa in his work, Liber Aba
i (\The Book of the Aba
us"),whi
h was published in 1202. Leonardo Pisano is better known as Fibona

i, but this ni
kname didn'tappear until the 19th Century. The name Fibona

i is a shortening of �lius Bona

i, whi
h means \son ofBona

io" (like the 
ommon English surname John-son). Though he never referred to himself as Fibona

i,it is this name that is atta
hed to the famous number sequen
e that answers the rabbit problem [Kno05℄.Fibona

i numbers are widely used in many di�erent �elds of mathemati
s. Countless books, websites,and even a journal, Fibona

i Quarterly, are devoted entirely to the study of Fibona

i numbers [Uni05℄.Not surprisingly, this famous sequen
e of numbers is the foundation for multiple identities. While theseidentities are often proved using mathemati
al indu
tion, Fibona

i numbers have an elegant 
ombinatorialinterpretation that allows for 
ounting proofs.
2 Preliminary Ideas

2.1 Common DefinitionsFor ea
h of the Fibona

i identities, it is assumed that you are familiar with the de�nitions in the \CommonDe�nitions" �le. Multiple identities impli
itly use the Rule of Sum and Rule of Produ
t 
ounting prin
i-ples as well as the terms mutually ex
lusive and independent. Summation notation is used in Fibona

iIdentities 1, 2, and 4. Familiarity with binomial 
oeÆ
ients and the 
oor fun
tion is also ne
essary for\Fibona

i Identity 1."
2.2 Fibonacci Numbers Defined

Definition 1 Fibona

i NumbersThe Fibona

i numbers are de�ned re
ursively by f0 = 1, f1 = 1, and for n ≥ 2, fn = fn−1 + fn−2.The initial numbers of the Fibona

i sequen
e are 1, 1, 2, 3, 5, 8, 13, 21, . . . .The Fibona

i sequen
e is one famous example of a re
urren
e relation. In general, a re
urren
e relationis a formula that expresses a sequen
e of numbers, where ea
h number in the sequen
e is de�ned in termsof one or more previous numbers in the sequen
e. In the 
ase of the Fibona

i sequen
e, �nding the term
fn is dependent on knowing both fn−1 and fn−2. As you may have already noti
ed, it is ne
essary to havea starting point. Re
urren
e relations are de�ned with at least one base 
ase in order to uniquely spe
ifythe sequen
e. In the Fibona

i sequen
e the base 
ases are f0 = 1 and f1 = 1. Consequently, the relation
fn = fn−1 + fn−2 with the base 
onditions given in the previous senten
e uniquely de�nes fn for n ≥ 2.Return for a moment to the rabbit problem. This problem allowed Fibona

i to investigate and simplifya 
omplex sequen
e. Table 1 depi
ts the rabbit population ea
h month for a year [Gos03, p. 333℄.1



Month 0 1 2 3 4 5 6 7 8 9 10 11 12
Baby Pairs 1 0 1 1 2 3 5 8 13 21 34 55 89
Mature Pairs 0 1 1 2 3 5 8 13 21 34 55 89 144
Total Pairs 1 1 2 3 5 8 13 21 34 55 89 144 233Table 1: Fibona

i's Rabbit PopulationThough the table does not look 
ompli
ated, it is bene�
ial to 
onsider the relationships present. Noti
ethat after the �rst month, every mature pair is 
reating a baby pair, so the number of mature pairs in onemonth be
omes the number of baby pairs in the next. Also noti
e that there is a similar 
orresponden
ebetween the se
ond and third rows. After the �rst month, the total number of pairs in a month be
omesthe number of mature pairs in the next month.We 
on
lude, as Fibona

i did, that after one year, the �eld 
ontains f12 = 233 rabbits.

2.3 A Visual RepresentationFor 
ombinatorial purposes, a more visual representation of fn is needed. This interpretation has been takenfrom Proofs that Really Count by Dr. Arthur T. Benjamin and Dr. Jennifer J. Quinn [BQ03℄.Pi
ture a 
he
kerboard of dimension 1 × n. This board is 
omposed of unit 
ells numbered 1 through nand is said to have length n. A board of length n is also referred to as an n-board. We will use squares(
overing 1 
ell) and dominoes (
overing 2 
ells) to tile the board.
2 651 3 4Figure 1: An arbitrary tiling of a 6-board.

Theorem 1 tn is a Re
urren
e RelationLet tn denote the number of distin
t tilings of a board of length n using squares and dominoes. Then tnis a re
urren
e relation.
Proof:Consider �rst a board of length 0. Out of 
onvention, we say that there is one way to tile a board with no
ells: it is to do nothing. In other words, t0 = 1. Now 
onsider a 1-board. Clearly, the only way to tile thisboard is with one square. So, t1 = 1. We move on to a 2-board. This board 
an be tiled with 2 squares or1 domino, giving a total of 2 tilings.

The base 
ases: t1 = 1 and t2 = 2Suppose we have a board of length n for n > 2. Note that any tiling of a board of length n must beginwith either a square or a domino. If it begins with a square, we are left with a board of length n − 1, whi
h
an be tiled in tn−1 ways by de�nition. If the n-board begins with a domino, the rest of the board 
an betiled in tn−2 ways. Sin
e the board begins with either a square or a domino, these two options are mutuallyex
lusive. Thus, tn = tn−1 + tn−2.
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Corollary 1 tn is identi
al to fnThe number of ways to tile a board of length n with squares and dominoes is fn.
Proof:As 
an be seen in the proof of Theorem 1, the base 
ases for tn are t0 = 1 and t1 = 1. (It was also expli
itlyshown that t2 = 2, though only two base 
ases are really ne
essary.) The re
urren
e relation was given as
tn = tn−1 + tn−2. One 
an readily see that this relation is the same as that of the Fibona

i sequen
e.Sin
e the Fibona

i sequen
e is de�ned to have the same base 
ases and the same re
urren
e relation as tn,we 
an 
on
lude that the sequen
e given by tn is identi
al to the sequen
e given by fn.

¤Based on the above 
orollary, we 
an repla
e the tn notation with standard Fibona

i notation. All of theFibona

i identities, written in terms of fn, will be proved 
ombinatorially using this visual interpretation.The following example further illustrates the idea of our visual interpretation.
Example 1Consider a board of length 4. There are f4 = 5 ways to tile this board. They are:

1 2 3 4 Figure 2: The �ve tilings of a 4-board using squares and dominoes.ex Before using this 
ombinatorial representation for Fibona

i numbers, it is ne
essary to introdu
e a fewmore de�nitions that relate to tiling boards.
Definition 2 BreakableA tiling of an n-board is breakable at 
ell k if the tiling 
an be de
omposed into two tilings: one 
overing
ells 1 through k and the other 
overing 
ells k + 1 through n.This de�nition 
an be 
learly seen in the following �gure.

1 2 3 4 5 6 7 8 9 10Figure 3: A 10-board tiling using 3 dominoes and 4 squares.This board of length 10 is breakable at 2, 3, 5, 7, 8, 9, and 10. Noti
e that a tiling over a board of length
n is always breakable at n.The de�nition of unbreakable is as expe
ted.
Definition 3 UnbreakableA tiling is unbreakable at 
ell k if a domino o

upies 
ells k and k + 1.The tiling in Figure 3 is unbreakable at 
ells 1, 4, and 6.3



2.4 Pairs of Tilings

Definition 4 FaultGiven a board of length n pla
ed above a board of length m, we say that there is a fault at 
ell i, where
1 ≤ i ≤ n and 1 ≤ i ≤ m, if both tilings are breakable in that pla
e. In the 
ase that the �rst 
ells of thetilings are aligned, there is a fault at \
ell 0."Consider the following pla
ement of a 10-board tiling and an 8-board tiling:

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8Figure 4: This pair of tilings has 4 faults.This pair of tilings in this parti
ular pla
ement has 4 faults, whi
h are denoted by the thin lines. Sin
eboth boards begin at the same pla
e, there is a fault at 
ell 0 by de�nition. There are also faults at 
ells 3,5, and 8. It is worth remembering that faults 
an exist at both the beginning and the end of a board (as inthe 
ase of this 8-board).
3 The Problem PresentedEa
h identity for the Fibona

i sequen
e, along with The Solution by Counting and 
orresponding
Visual Example, is in a separate �le labelled \Fibona

i Identity (#)." Though the identities 
an beviewed in any order, they are numbered a

ording to my per
eption of their diÆ
ulty level.
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