
Pascal’s TriangleCallie Wurtz
1 MotivationPas
al's triangle was around long before Blaise Pas
al worked on it in the 17th Century. Known as thearithmeti
 triangle, the date of its in
eption is a mystery.It is signi�
ant to note that 13th Century Chinese mathemati
ian Yang Hui was one of the �rst toreferen
e the arithmeti
 triangle [Kat93, p. 192℄. Based on Hui's work, it is presumed that this triangle wasused in Asian 
ulture even before his time [BM93, p. 231℄. However, Pas
al's Treatise on the Arithmeti
alTriangle was the most prominent Western work on the topi
. Consequently, it is Pas
al's name that isasso
iated with this spe
ial triangle as well as many of its properties. Though Pas
al's triangle has beenused for 
enturies, the numeri
 relationships found within this triangle 
ontinue to fas
inate people.
2 Preliminary Ideas

Definition 1 Pas
al's TrianglePas
al's triangle is a number triangle with numbers arranged in staggered rows. Columns are determinedrelative to ea
h row rather than relative to the whole table. The numbering of the 
olumns and rows beginsat 0. The entry in row n and 
olumn r of the triangle 
ontains the binomial 
oeÆ
ient (

n

r

).The �rst 6 rows of Pas
al's triangle are shown below. Noti
e that the entry in row 4 and 
olumn 2 is 6.This means that (

4

2

) should equal 6, whi
h it does.Row 0 1Row 1 1 1Row 2 1 2 1Row 3 1 3 3 1Row 4 1 4 6 4 1Row 5 1 5 10 10 5 1Figure 1: Pas
al's triangleYou should also be familiar with the de�nition of mutually ex
lusive, the notation for 
ombinations, andthe Rule of Sum 
ounting prin
iple. If these terms are unfamiliar to you, please refer to the \CommonDe�nitions" �le.
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3 The Problem Presented

Theorem 1 Pas
al's TheoremLet n and r be nonnegative integers with r ≤ n. Then
(

n

r

)

=

(

n − 1

r

)

+

(

n − 1

r − 1

)

.

4 The Solution by CountingConsider a 
lass of n people. In this 
lass, we want to 
hoose a 
ommittee of size r. Clearly, by de�nitionof a 
ombination, there are (

n

r

) ways to do this.Now, fo
us on a spe
i�
 person in the 
lass. We'll 
all her Kelly. Either Kelly is on the 
ommittee or sheis not. In fa
t, all of the possible 
ommittees of size r 
an be partitioned into two disjoint groups: those that
ontain Kelly and those that do not. Thus, the Rule of Sum 
ounting prin
iple applies to this problem. IfKelly is not on the 
ommittee, there are still r 
ommittee spots to �ll but now only n − 1 people to 
hoosefrom, whi
h gives (

n−1

r

) 
hoi
es. If Kelly is on the 
ommittee, there is now one less 
ommittee member thatneeds to be 
hosen in order to get a 
ommittee of size r. Thus, there are (

n−1

r−1

) 
hoi
es. Therefore, there area total of (

n−1

r

)

+
(

n−1

r−1

) ways to 
hoose a 
ommittee of size r from a group of size n.Equating these two 
ounting results 
ompletes the proof.
¤

5 Visual ExampleConsider a basketball team of 7 players. Denote the players by the initials MJ, BR, KAJ, LB, PM, DW, andOR. How many ways 
an the 
oa
h 
hoose 5 players for his starting line-up?The visualization goes through the proof as it relates to this parti
ular example. (Remember that thevisualization itself is not a proof.) The illustration begins with the left-hand side and lists all of the possiblestarting line-ups for these 7 players. As expe
ted, there are (

7

5

)

= 21 ways to 
reate this line-up.The next part of the visualization 
orresponds to the right-hand side. The same number of startingline-ups is 
ounted based on the mutually ex
lusive options of whether or not PM (Pete Maravi
h1) starts.Note that there are (

6

5

)

= 6 ways for \Pistol Pete" to start and (

6

4

)

= 15 ways for him not to start.
6 Using Pascal’s TriangleThis example 
an also be visualized using Pas
al's triangle. Re
all that in Pas
al's triangle, the 
ombinationof (

7

5

)

= 21 is the entry in the 7th row and 5th 
olumn. Find this entry.Now look to the previous row: row 6. Find the numbers that 
orrespond to the 5th and 4th 
olumns inthis row. These numbers, (

6

5

)

= 6 and (

6

4

)

= 15, sum to 21.1See www.PistolPete23.
om for information about the late Pete Maravi
h and his lega
y.
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